In many industries, firms consider the option of outsourcing an important service process associated with the goods or services they bring to the market. Often, competing firms outsource this service process to one or more common service suppliers. When they outsource to a common service provider, this gives rise to a service supply chain. We develop analytical models to characterize the benefits and disadvantages of outsourcing in service industries in which the retailers compete with each other in terms of the price they charge and/or the waiting time expectations and standards which they adopt and sometimes advertise. We show that the benefits of outsourcing are affected by the supplier's ability to exploit the benefits of service pooling as well as differences in the cost rates themselves.
Introduction
In many industries, firms consider the option of outsourcing an important service process associated with the goods or services they bring to the market. Often, competing firms outsource this service process to one of more common service suppliers. For example, internet retailers such as Amazon, Barnes and Noble and other book distributers use common carriers to deliver the merchandise to their customers. After-sales support and maintenance services of appliances and electronic equipment are often outsourced by competing firms to a common maintenance or repair service provider. The same applies to (part of) the technical support function of software vendors. For make-to-order consumer goods, the potentially outsourced service process may refer to the final production or assembly stage of the product itself. Japanese automobile manufacturers, for example, have adopted make-to-order assembly systems to cut inventory costs for themselves and their dealers, and to reduce the need for rebates for slow selling vehicles.
The outsourced service process is often of critical strategic importance to the competing firms, as the above examples indicate: internet book distributers differentiate themselves to a large extent in terms of the 3 economic literature provide theoretical frameworks to characterize the benefits of divisionalization, see e.g. Baye et al. (1996) , Baker et al. (2001) and the references therein.
In the general strategy literature, several reasons are mentioned as to why firms may benefit from outsourcing: first, the service provider to whom the service process is outsourced, may enjoy lower operating cost rates, as the service process represents his core competency rather than that of the service retailers. A second explanation relates to possible economies of scale and economies of scope. The former consist of reduced per unit costs as the customer volume increases while the latter points at the benefits of pooling demand streams into a common service facility. Benson and Ieoronimo (1996) and Lacity and Hirschheim (1993) , for example, identify cost efficiencies as the principle factor driving outsourcing decisions for maintenance functions and information systems, respectively. Gupta and Zhender (1994) emphasize economies of scale in the cost structure as a prime reason why outsourcing is often beneficial.
To assess the benefits of outsourcing strategies, we need to address the following questions:
(I) When are firms better off if all of them choose to outsource rather than perform the service in-house?
Given a unique equilibrium under in-house service, the firms' profits are unambiguously specified. Under outsourcing, these depend on (i) what fraction e ≤ 1 of first best aggregate performance the service chain achieves, and (ii) what (minimum) participation profits P the outside service provider demands. For the sake of brevity and simplicity only, we present all of our results where e = 1 and P = 0, thus portraying the outsourcing option in the best possible light. (In §7, we show that first best performance can indeed be achieved by a decentralized service chain, under specific pricing schemes, the structure of which depends on the type of competition the firms engage in.) (II) when will a service chain in which all firms choose to outsource to a common provider be stable in the sense that no firm has an incentive to unilaterally abandon the chain and provide in-house service instead? More generally, assuming identical retailers, how large a service chain of outsourcing firms is stable? How do the answers to these questions depend on the intensity of the competition, the number of firms in the industry and the sales volume of the firms? styling, are built on the same chassis and, comparable equipped, sell for virtually identical prices. Similarly, the Ford Motor Co. produced the Sable (Lincoln-Mercurey Division) and the Taurus (Ford Division), which are effectively the same car with different name plates, as are the Chrysler Corporation's Plymouth Voyager and Dodge Caravan. Indeed, in just about every price range, all the major domestic manufacturers have several divisions producing competing products." 4 Article submitted to ; manuscript no. (Please, provide the mansucript number!) (III) In what direction do equilibrium prices, waiting time standards and demand volumes change when all firms move from in-house service to outsourcing?
(IV) How do the answers to the questions raised in (I) -(III) depend on whether the outside supplier pools the service processes completely or in part, and whether it is able to operate at lower cost rates than the service retailers themselves? Each of these above questions is analyzed under each of three types of competition: (i) Price competition, in which all waiting time standards are exogenously given and the firms compete on the basis of their prices only, (ii) Waiting time competition: here all prices are exogenously given and the competition is in terms of waiting time standards, and (iii) Simultaneous competition: all prices and waiting time standards are selected simultaneously by the various service retailers.
We represent a firm's demand rate as a general function of all prices and all waiting time standards in the industry. We focus primarily on two important classes of demand models: The first class uses a separable specification which, in addition, is linear in the price vector. The second class is that of the attraction models.
Here, each firm is characterized by an attraction value given by a general function of its price and waiting time standard. A firm's market share, is given by the ratio of its attraction value and the attraction values of all firms in the industry, that of the no-purchase option included. These broad classes of demand models allow us to represent general tradeoffs for potential customers among the prices, waiting time standards and other service attributes. Price and waiting time are treated as truly independent attributes, in that, in general, a change in a firm's waiting time standard can not be compensated by a price change that leaves all market effects unchanged. 1 The system of demand functions determines the rates at which customers arrive to the different service retailers. We assume all service retailers face Poisson demand processes while service times are exponentially distributed, with a rate to be determined by the service provider. Under outsourcing, the common service provider may employ general dynamic priority schemes to prioritize among customers referred by 6 Article submitted to ; manuscript no. (Please, provide the mansucript number!) also show that there is always a chain size m o , such that a service chain with m o firms is stable in the sense that no firm outside the chain has an incentive to join the chain and no firm in the chain has an incentive to bring service in-house.
When the supplier's marginal cost rate per customer is lower than under in-house service, the increased benefits of outsourcing manifest themselves, for example, in that the break-even sales volume (between outsourcing and in-house service) shifts upwards as a roughly affine function of the supplier's cost rate advantage.
Similar conclusions prevail when the firms compete in terms of their waiting time standards and under simultaneous price and waiting time competition. In the absence of service pooling or the supplier enjoying lower cost rates, whether the retailers benefit from outsourcing depends on which fee combination is used, but sometimes the retailers are worse off under any of these coordinating schemes (which avoid periodic fixed transfer payments). For example, under waiting time competition, if the external supplier services the different retailers with dedicated facilities, the service chain is, even in the above best case scenario for outsourcing, always stable when N ≤ 3, never stable when N ≥ 5, and under N = 4, it is stable if and only of a similar index of the intensity of the waiting time competition is above 0.96. In contrast, if the service chain fully exploits the benefits of service pooling, the chain is always stable. More generally, under partial exploitation of the benefits of service pooling, there exists, as in the case of price competition, a chain size m o , such that a chain with m o firms is stable. We give a general condition under which this chain size is unique, and show that it only depends on the number of firms in the industry and the competitive intensity.
In §7, we identify for the general model, payment schemes for the retailers such that, under outsourcing, the service supply chain can operate at a first best level (e = 1), as assumed in many of the companies in §3-6. Under price competition, it suffices to charge each retailer a constant fee per customer, but under waiting time competition and simultaneous competition, it is necessary to add a second periodic fee which is inversely proportional to the waiting time standard requested. (We also show how the exact fee levels can be determined.) Alternatively, the second periodic fee may be set to be proportional to the capacity level which the supplier would need to adopt if he were to serve the retailers' customers in a dedicated M/M/1 facility. In the case of simultaneous competition, a unique volume based fee and capacity based fee are 7 required to achieve first best profits but under waiting time competition, a continuum of such fee pairs may coordinate the service chain. The above fee structures may be complemented with a periodic fixed fee to be paid by the retailers to the supplier (or vice versa). Outsourcing contracts often include volume based and capacity based fees, see K'Djah.com and Jackson (1999) , and Hasija et al. (2006) and Chander (2007) .
In §8 we use a numerical study to demonstrate how the above findings carry over in asymmetric industries and when the demand functions are given by an attraction model. §9 completes the paper with a brief outline of how our analysis can be extended to systems with more general service processes, represented by general queueing systems.
The literature on outsourcing in service industries is recent. Aksin et al. (2006) and Gans and Zhou (2003) consider a single server retailer (e.g. call center) who can outsource part of its business to an outside supplier. In Aksin et al. (2006) , both firms incur costs proportional to their selected capacity level, but the outside supplier enjoys a lower capacity cost rate. Demand in any given time interval can be satisfied if it falls below the total available capacity, with any excess being lost. The authors state that for tractability reasons they do not model the service facility as a queue. Aksin et al. (2006) consider the following two arrangements between the outside supplier and the service retailer which are closely related to the above volume-and capacity-based fees: in the first, the retailer buys a certain capacity level from the supplier, for which it is charged a given fee per unit of capacity. All demand is first directed to the supplier with any excess "overflowing" to the retailer's own facility. In the second arrangement, demand is first directed to the retailer's own facility while any excess is handled by the outside retailer, at a given fee per customer referred. Under this arrangement the service retailer and outside supplier choose their capacity levels noncooperatively and the authors establish the existence of a unique Nash equilibrium. Gans and Zhou (2003) , model the service facilities as queueing processes, but assume that both the capacity level of the retailer and that of the outside supplier are determined by the former. (Two customer classes are considered; outsourcing is an option for one of them according to a queue-size dependent strategy.)
To our knowledge, Cachon and Harker (2002) is the only paper which addresses an industry of two competing service retailers, modeled as M/M/1 systems. In the outsourcing part of the paper, demand rates are linear functions of the firms' full price (= price + multiple of the expected sojourn time). Moreover, the demand of a firm is equally sensitive to a change in its own price as to that of its competitor. Both firms may outsource to a common supplier, who faces the same cost structure as the retailers themselves, and who serves the customers of each retailer in a dedicated facility, for a given fee per customer. The authors show that both firms benefit when they both outsource, compared to when they service the customers inhouse, irrespective of the fee charged by the supplier. But, if this fee is set at a sufficiently high level, one of the retailers may benefit by keeping its service process in-house, assuming the competitor continues to outsource. As mentioned, these results contrast with ours, where firms do not necessarily benefit from outsourcing, even when the service chain operates at a first best level (e = 1), unless the supplier's profit is reduced to zero (P = 0). Hassin and Haviv (2003) and Allon and Federgruen (2007) offer surveys of competition models in service industries. See also the nascent literature on competition models in which waiting time sensitive customers are segmented into multiple classes. e.g. Loch (1991) , Lederer and Li (1997) , Armony and Haviv (2001) , Afeche (2004) , and Allon and Federgruen (2004) .
Model and Notation
We consider a service industry with N competing service retailers each acting as an M/M/1 facility when providing in-house service. Each firm i differentiates itself in the market by selecting a price p i , as well as a waiting time standard w i . The waiting time standard is defined as the expected steady state waiting time experienced by the customers, i.e. w i = E(W i ). ( Alternatively, the waiting time standard may be specified as a given fractile of the waiting time distribution. All of our results continue to apply, since the structural form of all profit functions remains unchanged.) When firm i serves its customers in-house, it faces two types of cost: first, it incurs a cost c i per customer served, and, second, it incurs a capacity cost, at a rate γ i per unit of capacity installed. Similarly, when the service processes are outsourced to an outside supplier, this supplier incurs the same two types of costs, at rates c 0 and γ 0 respectively. The capacity of a service facility is defined as the facility's service rate. Let µ i , µ 0 denote the capacity levels chosen by firm i and the outside supplier respectively. Under in-house service, the following simple relationship exists between µ i , w i and λ i , the firm's demand rate. Assuming λ i > 0, we have
(When λ i = 0, µ i = 0 as well). The first term in this expression is the base capacity level, ensuring stability of the system, while the second term is the service based capacity required to guarantee a given waiting time standard.
If an outside supplier services the customers of the different firms in separate (dedicated) facilities, the required capacity is, therefore given by:
. Allon and Federgruen (2004) have shown that, under pooled service, the minimum required capacity level, considering all non-anticipating dynamic priority schemes, is given by:
(Note, under non-identical waiting times, it is no longer feasible to serve all customers on a FIFO basis) 
, it is chosen to be sufficiently large as to have no impact on the equilibrium behavior.
The demand rate λ i may depend on all of the industry's prices and waiting time standards, according to a general set of twice differentiable functions:λ i = λ i (p, w), i = 1, . . . , N, with
varying concavely with w i , i.e.
In our base models, we focus on the following class of demand functions which are linear in the prices: (In §8, when addressing the general model, we do consider demand functions given by attraction models.) 10 Article submitted to ; manuscript no. (Please, provide the mansucript number!)
where x + = max(x, 0). a i is a decreasing concave function, reflecting the fact that reductions of a firm's waiting time standard result in increases of its demand volume; however, these increases become progressively smaller as the waiting time standard continues to be cut. The functions α ij are general decreasing functions, since a reduction of a competitor's waiting time standard results in a decrease of the firm's demand volume. The price coefficients
These conditions are generally satisfied; they merely stipulate that a uniform price increase by all N firms cannot result in an increase in any firm's demand volume, and that a price increase by a given firm cannot result in an increase of the industry's aggregate demand.
2 Let b i = b i − j =i β ij > 0 denote the total price sensitivity of firm i's demand ,i.e., the (absolute value of the) marginal change in firm i's demand volume due a to uniform price increase by all firms.
In contrast, (3), in addition to enjoying analytical simplifications, specifies a firm's demand to be zero under such extreme choices. Allon and Federgruen (2007) show that under (3) the firms' equilibrium choices induce a positive market share for each. To guarantee that this is the case, it suffices in the Price Competition model to assume,
i.e., any firm i can achieve a positive market share at least when willing to operate with zero variable profit margin, i.e. when p i = p min i = c i + γ i . (4) guarantees that under this price, λ i > 0, regardless of the competitors' choices. 3 However, other price-service level combinations may result in zero demand. In the 2 As is well known from the literature on oligopoly models with product differentiation, systems of demand equations need not, but often can be obtained from one of several underlying consumer utility models, in particular the representative consumer model, the random utility model and the address model. Similarly, (3) may, e.g. be derived from a representative consumer model with utility function U (λ, θ) ≡ C + 1 2
where the N × N matrix B has Bii = −bi and Bij = βij , i = j, a(w) ≡ ai(wi) − j =i αij(wj ) and C > 0. ( (D) ensures that B −1 exists and is negative semi-definite, giving rise to a jointly concave utility function). The demand functions (3) arise by optimizing the utility function subject to a budget constraint.
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two remaining competition models (Waiting Time Competition and Simultaneous Competition), Allon and Federgruen (2007) show that a somewhat stronger condition is needed, namely
Identical Retailers: Price Competition
We initially focus on a basic class of models with identical service retailers, and demand functions of the quasi-separable type (3). This allows for analytical comparisons of the equilibria and coordinating pricing schemes under each of the three types of competition and each of the various outsourcing options.
Thus, assume the firms face identical cost parameters
demand functions with price linearity as in (3), and assume that the functions a i (·) and α ij (·) are affine as well. Thus, for positive constants a 0 , a, α, b and β:
Similar to condition (D), we assume without practical loss of generality, that
,i.e., no firm experiences an increase in its demand volume when all firms increase their waiting time standards by the same amount. Define the intensity of the price competition by ρ ≡ . Note that both ρ and θ are dimensionless indices, with 0 < ρ < 1 and 0 < θ < 1, by (D) and (7). In the symmetric model, condition (5) can be replaced by a considerably weaker requirement, namely:
In other words, when the firms offer identical terms to the customers, each faces an identical and positive 
When all N firms provide in-house service, the profit function for firm i is, by 1, given by
Assume first that the firms engage in price competition, under identical waiting time standards w i = w.
Theorem 1 in Allon and Federgruen (2007) establishes that, like with all price-linear demand functions, for identical as well as non-identical firms, the price competition model has a unique price equilibrium p * which satisfies the set of linear equations
where
It is easily verified, by substitution in (6) and (9), that
In particular, by (10), the model has a unique symmetric equilibrium, with p *
We now compare the decentralized system with in-house service at the service retailers, with various outsourcing scenarios. We start with a base model in which a common supplier faces the same cost rates as the retailers encounter when providing in-house service. To put the outsourcing option in the best possible light, we assume the resulting service chain, while continuing to be decentralized, operates at maximum efficiency. The profits in a centralized chain, under outsourcing, are unaffected by transfer payments between the retailers and the supplier, and are given by The function Π is a strictly jointly concave quadratic function of p. (In its Hessian, the diagonal elements equal −2b, while the off-diagonal elements equal β. This matrix is negative semi-definite ,since by (D), the absolute value of the diagonal element dominates the sum of the absolute values of the off diagonal elements in each row.) Thus, the unique optimal price vector p CB is the one that satisfies the set of first order conditions:
This system of equations has a symmetric solution, p CB , which is independent for
Let λ CB = λ(p CB , w) and Π CB = Π(p CB ) denotes the optimal chain-wide profits in the service chain. Note that p * , p CB , λ * and λ CB are all independent of the inefficiency index. Proposition 3.1 shows that each firm's optimal price level is higher and its demand volume lower than under in-sourcing. 
As shown in §7 the service chain, under outsourcing, may achieve first best level aggregate profits (e = 1), whenever a specific per customer fee c W B is charged to each retailer. The retailers' share of these profits depends on whether a fixed per period payment or subsidy K is added to the volume based fee. Hasija et al. (2006) 's survey shows that such fixed payments are added to some of the contracts, but not to others.
In the next theorem, we therefore consider three potential values for a fixed payment K: (i) K=0, (ii) K is set to compensate the supplier for the cost of the service based capacity, and (iii) K is set to ensure that 
≤ 0 for w sufficiently small, i.e., w < w(ν), with w(ν) increasing in ν.
(c) Assume K = 
Thus, without fixed transfer payments, whether or not the retail firms benefit from outsourcing depends on the given waiting time standard. For any given value of w, outsourcing is beneficial if and only if the firms' demand volume, when pricing at cost (p = c + γ), is less than a given break even value, and this break-even volume is inversely proportional with the square-root of the waiting time standard. Outsourcing is beneficial only when the demand volume falls below a given break-even point, since the firm's cost function , under in house service, is affine with a per unit cost given by c + γ + . In other words, the average cost function exhibits economies of scale, even though the marginal cost is constant. In addition, the smaller the waiting time standard w, the more pronounced the economies of scale are, and the larger the break even volume. In the absence of fixed transfer payments, the break even volume is independent of the supplier's inefficiency index ν.
If the coordinating volume based fee c W B is complemented with a periodic fee K = γ w , i.e., the cost of the service based capacity which the retailer imposes on the supplier, if served by himself, the retailers are always worse off under outsourcing, irrespective of their demand volume. However, Theorem 3.1(d) shows 15 that there are payment schemes under which all retailers benefit from outsourcing and the supplier breaks at least even. The expression, there, denotes the maximum benefit retailers can reap when outsourcing, i.e., assuming the service chain, under outsourcing, is maximally efficient and the retailers are able to squeeze the supplier's profits down to zero. The expression for these maximum benefits consists of two parts. The first term represents the benefits, if the supplier makes no use of the potential for service pooling, while the second term denotes the additional benefits that accrue when the supplier applies full or partial service pooling. The benefits increase as the competitive intensity ρ increases, for a fixed simple price sensitivity b, and even, for a fixed total price sensitivity b and hence for a fixed demand volume, when pricing at cost. They grow in proportion to the square of this demand volume. Not surprisingly, the more efficient the supplier, the larger the maximum benefits associated wuth outsourcing: indeed the maximum benefits depend linearly on the inefficiency index ν.
As mentioned in the introduction, beyond the outside supplier's ability to exploit economies of scope by pooling the service processes for the different retail firms, a second driver behind the benefits of outsourcing often results from the supplier's ability to operate with lower cost rates than the retailers. (The service process often represents the supplier's core competency rather than that of the retailers.) We refer to the on-line Appendix for Theorem A.1, which generalizes Theorem 4.1 to allow for arbitrary cost differentials between the supplier and the retailers. (To simplify the exposition, we confine ourselves, there, to the case where the supplier uses a dedicated facility for each of the retailers. All results can be extended to the general case with a general efficiency index ν. ) Theorem 4.1 showed that in the base outsourcing model without fixed transfer payments, the retailing firms are better off outsourcing iff their demand volume, when pricing at cost, is below a critical value. The same characterization applies to the case where the supplier enjoys lower cost rates. The break even value for this demand volume increases with ∆, the differential in the total cost rate enjoyed by the supplier. The break even value is also decreasing in the waiting time standard w. Thus, the higher the service level, the higher the minimum demand under which a retailer prefers preforming service in-house. While this phenomenon occurs in the base model (see Theorem 1(b)), it is all the more pronounced when the supplier operates under lower cost rates. 
Price Competition: Stability of Service Chain
Even if all retailers benefit from collective outsourcing compared to all of them providing in-house service, it is not clear whether the service chain, under outsourcing, is immune to defections by individual retailers, or, whether collective outsourcing arises as an equilibrium, when each firm has an upfront choice whether to outsource or to keep service in-house. This applies even when outsourcing is portrayed in the best possible light, i.e., the service chain achieves first best level profits, all of which are earned by the retailers.
Thus, consider the following two-stage game: in the first stage each retailer decides whether to outsource the service process or to perform it in-house. For the firms who opt for outsourcing, the resulting chain is assumed to guarantee maximum possible profits for its participating retailers, i.e., it operates under a perfectly coordinating pricing scheme with fixed transfer payments, reducing the supplier's profits to zero.
In the second stage game, the service chain competes with each of the retailers that have chosen to perform the service in-house, once again ensuring the firms inside the chain of first-best level profits, given the competition of the firms outside the chain. 
As mentioned, the profit values in Theorem 4.1(d) is arguably the best a participating service retailer can hope for, as it maximizes chain-wide profits while preserving all such profits for the service retailers and reducing those of the outside supplier to zero. When N ≤ 3, the service chain, under outsourcing, is immune to defections. However, when N ≥ 4 and the supplier fails to exploit economies of scope (ν = N ), the unmitigated competition a firm faces when defecting, acts less as a deterrent when the competitive intensity is lower. Cachon and Harker (2002) , in their duopoly model, established the existence of a linear wholesale pricing scheme under which both service retailers benefit from outsourcing, the outside supplier earns a profit and the chain is immune for defections. Theorem 4.1 shows that stability of the chain, while guaranteed under a small number of competitors, N ≤ 3, becomes increasingly more difficult to achieve as the number of competing firms increases.
The reason defection from the service chain may be beneficial is that the chain adopts a significantly larger price than, say, the price p * in a decentralized system so as to drive the profits of the participating retailers to their maximal level. A defecting retailer, may, when ρ < ρ * (N ) exploit this by adopting a significantly lower price and thus attracting a significantly larger market share. Paradoxically, the chain can prevent defections, by inducing the participating retailers to adopt the price p * instead of p CB , even though the resulting profits for the retailers are lower than under the coordination scheme of Theorem 4.1(d) (As shown in §7, the chain may induce the retailers to adopt any desired price ≥ c + γ, by charging a specific volume based fee c W .)
Stability of the service chain under outsourcing is enhanced to the extent the supplier exploits the benefits 18 Article submitted to ; manuscript no. (Please, provide the mansucript number!) of service pooling: when ν < N , the chain remains stable, even when N ≥ 4, and ρ ≤ ρ * (N ) as long as the sales volume, when pricing at cost, is below a given threshold value λ(ρ, N, ν). The more efficient the supplier, the lower the inefficiency index ν, and the larger the threshold λ. Similarly, the stricter the waiting time standard or the larger the cost of capacity γ, the larger the sales volume threshold to ensure stability, when the supplier applies partial of complete service pooling.
Finally, it is easily verified that any cost rate advantages for the supplier, see Appendix B, reduce the potential for defections of individual firms from a service chain with outsourcing: when N ≤ 3 or N ≥ 4
and ρ > ρ * (N ), such defections are precluded in the base model and continue to be precluded if the supplier enjoys cost rate advantages. At the same time, the stability of the service chain continues to prevail under such cost rate advantages, even when N ≥ 4 and ρ ≤ ρ * provided equilibrium demands are not too large.
Theorem 5.1 identifies the necessary and sufficient conditions for universal outsourcing, i.e., for a service chain with all N firms, to arise as a SPNE in the two-stage game. We now address the more general question, We have observed that, except when the number of firms in the industry is very small (N ≤ 3), or when the competitive intensity ρ is very large, equilibria arise with partial outsourcing, i.e. 1 < m o < N ; this, even in an industry where all firms have identical characteristics. Let 
Finally, let X be a lattice with partial order and T an ordered set. Milgrom and Shannon (1994) define a function f : X × T → R as having the strict single crossing point property if for all x x ′ and t ∈ T , Thus, under the single crossing point property, the more the service supply chain is able to exploit the benefits of service pooling, the larger a service chain arises in the two stage outsourcing game. We now show that the size m o of a stable outsourcing chain, depends critically on N , the number of firms in the industry, and the competitive intensity ρ, similar to the stability conditions for universal outsourcing (m o = N ) in Theorem 5.3. To do so, we confine ourselves to the case where the common supplier services each of the participating firms in a dedicated facility. In this case, the condition for a stable chain with m o firms reduces to a pair of inequalities, merely involving m o , N, and ρ. 
We have observed that for almost all values of N and ρ, the function π o has the single crossing point property so that the equilibrium size of the service chain is unique. However, for some very high competitive intensities, the property may fail to hold, and multiple equilibrium chain sizes may arise. 
Identical Retailers: Waiting Time Competition
In this section we assess the benefits of outsourcing when the retailers compete by selecting their waiting time standards, under a given, exogenously specified, price level p. 
. Allon and Federgruen (2007) show, in fact, that this equilibrium is a dominant solution, i.e. it is optimal for each firm i to adopt this waiting time standard regardless of the choices made by its competitors.
In comparing the case of in-house service with the equilibrium under outsourcing we portray the latter again in the best possible light, i.e., we assume the service chain under outsourcing operates in the most efficient possible way. We first need to following Lemma:
Lemma 5.1A service chain achieves first-best performance, when all firms adopt a common waiting time standard w CB , both when the supplier serves the different firms in dedicated facilities and when it pools the service process. In the former case
, in the latter case
Thus, aggregate profits in the service chain, under an optimal (common) waiting time standard w, are
when dedicated facilities are used, and by
, under service pooling. As in the case of price competition, we give a unified treatment to both settings, as well as intermediate ones with partial pooling, giving rise to profit function
, for a general inefficiency index 1 ≤ ν(N ) ≤ N with a corresponding optimal waiting time standard
and w CB increases in proportion to the square root of the inefficiency index. In §7, we show that the service chain can achieve first best level aggregate profits under a continuum of volume based and capacity based fee pairs. We also show how the retailers' and the supplier's profits are affected by the choice of a coordinating fee pair.
We now show that, even when the retailers reap maximum benefits from outsourcing the service chain may fail to be immune to defections. Even more pronounced than in the case of price competition, the ability of the supplier in a service chain to exploit the benefits of service pooling , has fundamental implications for the stability of the chain: without service pooling the chain is stable only when N ≤ 4 (and for N = 4
only when the competitive intensity θ ≥ 0.96). Under full service pooling, the chain is always stable. 
Theorem 5.2(Sustainability of service chains under waiting time competition)
In particular, stability is enhanced whenever the inefficiency index ν(·) is decreased. (c) With full service pooling (ν = 1), the chain is always stable.
Finally, it is easily verified, along the lines of the above proof, that for example with dedicated facilities, an SPNE exists with m o outsourcing firms iff θ
In general, Theorem 4.2 continues to apply, i.e. a pure SPNE always exists in the two-stage outsourcing game. It induces a unique chain size m o if the function π o has the single point crossing property.
Identical Retailers: Simultaneous Competition
When the retailers compete simultaneously in terms of their prices and waiting times, the benefits of outsourcing are somewhat more difficult to assess. For one, a sufficient condition is required to ensure that a decentralized system has a unique equilibrium which is symmetric and that the centralized system has a symmetric optimal solution as well. We start with the case where an outside supplier serves the customers of each firm in a dedicated facility. For i = 1, . . . , N , let π * i (p, w) denote the equilibrium profit for retailer i, under the price vector p and the vector of waiting time standards w, and let Π CB (p, w) denote the optimal aggregate profit of the service chain under outsourcing. 
The retailers' equilibrium sales volume. 
Let λ CB denote the retailers' optimal sales volume, in the centralized problem. Then
If the cubic functions C * (w) and C C (w) have a root, this root can, of course, be solved in closed form, see e.g, Abramovitz and Stegun (1965) . Contrary to the waiting time competition model under a given price level p, it is no longer certain that the firms choose a lower waiting time standard when providing in-house service, as compared to when they outsource. However, if the intensity of the waiting time competition θ is sufficiently large compared to the intensity of the price competition (as specified by the condition θ ≥ ρ 2−ρ ), and, in particular when θ ≥ ρ this will be the case: the larger the price competitive intensity ρ, the smaller 24 Article submitted to ; manuscript no. (Please, provide the mansucript number!) the minimal waiting time competitive intensity θ for which outsourcing results in lower service, i.e., a higher waiting time. Part (d) shows that it is impossible for both prices and the waiting time standards under outsourcing to be lower than those selected under in-house service.
To compare the firms' profits with and without outsourcing, we consider again the best case scenario for the outsourcing option, i.e. where the service chain maximizes its aggregate profits by implementing a perfect coordination scheme. As will be shown in §7, a two-part scheme, with a (volume based) fee per customer served and a second (capacity based) fee, again, suffices to achieve perfect coordination.
Clearly, the aggregate chain wide profit under outsourcing is higher than that obtained by the retailers when providing in house service, i.e. 
(and θ ≥ 0.5)
In the case of Price Competition, Theorem 4.1(b) reveals that the retailers benefit from outsourcing if and only if the demand volume (when pricing at cost) falls below a given threshold. Under Simultaneous Competition, the necessary and sufficient condition does not reduce to a simple upper bound for this demand volume. For general combinations of (θ, ρ), whether outsourcing is beneficial for the retailers or not, depends both on the magnitude of the retailers' sales volume (under outsourcing) and how much in additional sales they can realize under in-house service. The special case where θ = ρ 2−ρ shows that outsourcing is more likely to be beneficial for the retailers when the intensity of the competition (measured by θ and ρ) increases; in this special case, outsourcing is beneficial if and only if ρ ≥ 2 3 and θ ≥ 0.5. This finding confirms, once 25 again, that, in the absence of service pooling or cost rate advantages for the supplier, the main benefit of outsourcing arises from the ability to induce the retailers to adopt a first best solution.
As in the case where the firms compete along one dimension only, the service chain fails, in general, to be immune to defections, even when all of the benefits of outsourcing are assigned to the retailers.
When N = 2, the chain is always immune to defections, since, after a defection the system returns to the original decentralized system and the defecting firm earns π * ). Cachon and Harker (2002) addressed the benefits of outsourcing for this specification, in an industry with N = 2 firms and β = b i.e. θ = ρ = 1. In stark contrast to our results, which do not include this limiting value, but cover a much larger parameter space, the authors conclude that outsourcing is always beneficial to the retailers (The condition in part (a) is indeed satisfied when ρ = θ ↑ 1. They also claim that the service chain is always immune to defections. As to the latter, we obtain the same conclusions when N = 2. For N ≥ 3, the necessary and sufficient conditions for the service chain to be immune to defections no longer reduces to a single condition in terms of the measure(s) of competitive intensity and the number of firms in the industry. We have observed, however, that the chain is more likely to be immune when θ or ρ increases, i.e. when the competitive intensities act as deterrents for defections. Example 1 in Appendix A exhibits this phenomenon. As in the case of one-dimensional (Price or Waiting Time) Competition, the benefits of outsourcing are significantly larger, if the outside supplier is able to benefit from lower cost rates or by pooling the service processes of the individual firms. Pursuing the latter option, the cost saving from service pooling make it more likely that the waiting time standard w CP and price p CP adopted under outsourcing are lower than their counterparts w * and p * , under in-house service. Following the proof of Proposition 2, the profit function
. Following the proof of 
,, and
Since Π CP is jointly concave. it has a symmetric maximum with p
Substituting these identities, we obtain that (p CP , w CP ) is the unique solution to the system of equations:
Eliminating p, we obtain, as in the proof of Theorem 6.1, that w CP is the unique root of the cubic
We conclude that w
. Thus, for given competitive intensity values θ and ρ, it is increasingly likely that this condition is satisfied as the number of firms in the industry increases. It is also more likely, though still not guaranteed, that the retailers benefit from outsourcing under the again unique two part pricing scheme which induces perfect coordination. Finally, it is, also, more likely that the service chain is immune to defections, assuming the retailers reap all benefits from outsourcing. To illustrate this, when adapting Example 1 to the case of pooled service, the chain is stable when N = 4 and θ = ρ = 0.57
(while it fails to be so under dedicated service). At the same time, the chain is again prone to defections for the same values of θ and ρ when N = 5.
Efficient Outsourcing: Pricing Schemes
In most of the comparisons in §3-6, we have assumed the best case scenario for outsourcing, where the resulting service chain operates at maximum efficiency. In this §, we show that this can be achieved via a coordinating pricing scheme which induces the retail firms to adopt a first-best price, waiting time standard or a combination thereof (, depending on the type of competition the firms engage in). We refer to Golany and Rothblum (2006) for general derivations of coordinating pricing schemes.
Price Competition:
Under this type of competition, a vector of waiting time standards w 0 is exogenously given. The retail firms can be induced to adopt any desired price vector p I -for example the price vector which maximizes chain wide profits -via a simple volume based fee, i.e., by charging firm i a fee c W i for each of its customers.
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The profit function of firm i is then given by 
Under the demand model (6) in §3-6, this reduces to:
, see (12). Thus, ρ, the competitive intensity, denotes the fraction of the total variable profit margin earned by the suppler under the coordination scheme. As explained in Theorem 3.1, the coordinating volume based fee c W may be complemented with a fixed payment K from each retailer to the supplier.
Waiting Time Competition
In this case, a vector of prices p 0 is exogenously given. To induce the firms to adopt any desired vector of waiting time standards 0 < w I < w max (e.g, the vector maximizing chain wide profits), a simple volume In the symmetric demand model (6) used in §5, this reduces to:
induces perfect coordination within the service chain. As in the case of price competition, the volume-and capacity fees may be complemented with a fixed periodic transfer payment K, which does not affect the equilibrium choices. In Theorem 7.1 below we assume that K = 0. Let λ
CB i
and λ * i denote firm i ′ s demand volume, under outsourcing and in-house service.
Theorem 7.1(Profit comparison between in-house service and outsourcing under waiting time competition) (a)
(ν) decrease with the inefficiency index ν.
7 An alternative to the capacity based fee is to charge the retailers in proportion to any convexly decreasing function of the waiting time standard. 
Simultaneous Competition
To induce the firms to adopt any desired price vector p I , along with any desired waiting time vector 0 < w I < w max , a combined volume-and capacity base fee, again, suffices. As before, let c 
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Article submitted to ; manuscript no. (Please, provide the mansucript number!) 29 parameters restrictions may be required to ensure that the profit function is jointly concave in (p i , w i ), see §6): c
Under the symmetric demand model (6) used in §6, this reduces to:
Asymmetric Models: Numerical Study
Existence and characterization of equilibria via first order conditions all carry over, under mild conditions, to the general model with non-identical retailers, both under in-house service and the various outsourcing options, see Allon and Federgruen (2004, 2007) . However, with non-identical retailers, it is no longer possible to obtain closed form expressions for these equilibria. In appendix A we report on a numerical study aimed to investigate which of the insights obtained in §3-6 for the symmetric model, carry over to general asymmetric industries. Here we confine ourselves to a few general insights.
Our initial set of problems involves an industry with N = 3 firms and demand functions of the quasiseparable form in (3). Under price competition, we showed in §3, that under outsourcing with a maximally efficient service chain, prices are higher and demand volumes lower than when then firms provide service in-house. These patterns are, in general, maintained by our asymmetric instances, but a few exceptions arise.
We showed that in a symmetric model with N = 3 firms, the service chain is always stable. With three asymmetric firms, the chain is ,again, stable in most, but not all, instances. As in the case of symmetric retailers, stability of the full chain is increasingly likely as the competition intensity ρ increases. Under pooled service, the full service chain (, with 3 asymmetric firms,) is always stable. We also report, for all instances, the equilibrium under simultaneous competition, and investigate when the full chain is stable.
The above observations for the case of price competition continue to apply here.
In the second part of the study, we consider price competition instances with N = 3 firms, whose demand functions arise from an attraction model. In this case, we conclude, for example, that the full service chain under outsourcing, with N = 3 firms, is always stable.
30
Conclusions and Extensions
In many service industries, competing firms consider the option of outsourcing an important service process to a common service provider. When the firms choose to outsource, this gives rise to a service supply chain.
We have developed analytical models to characterize the potential benefits of outsourcing. Two factors are critical determinants of these benefits: (i) the ability of the common service supplier to exploit economies of scope by complete or partial pooling of the service processes for the different firms, and (ii) the ability of the outside service supplier to operate at lower cost rates.
Our models always allow for numerical comparisons of the equilibrium prices, waiting time standards, demand volumes and profit levels under in-house service and the various outsourcing options. Such numerical comparisons have been carried out in §8. For symmetric models, in which the retail firms have identical characteristics, these comparisons can be made analytically, resulting in important general insights. For example, we have shown that when the outside supplier operates with identical cost rates and when the service processes fail to be pooled, firms do not necessarily benefit from outsourcing even when the service chain can be designed to achieve first best level profits. Moreover, even when all firms benefit from collective outsourcing, the service chain may fail to be stable, i.e., it may not be immune to unilateral defections.
We have shown how the benefits associated with the various outsourcing options and the stability of the service chain depend in simple ways on the number of firms in the industry, a single index ρ characterizing the intensity of the price competition under in-house service, a similar single index θ, characterizing the intensity of the waiting time competition and the inefficiency index ν. Similarly, we have shown how equilibrium prices, waiting times standards, demands, profits and the benefits of outsourcing depend on a benchmark demand volume-e.g, the demand volume a firm would face if all firms charged at cost-or the differential ∆ in the marginal cost per customer between outsourced and in-house service. See the Introduction for a summery of the general conclusions we have been able to prove.
One important restriction of the model is the assumption that the service process can be modeled as an M/M/1 system. For the in-house service and outsourcing with dedicated facilities options, the ability to generalize our results to more general queueing systems, depends on the ability to obtain an analytical characterization of the dependence of the service rate ( = average number of customers which can be for example, Federgruen and Groenevelt (1988) and Shanthikumar and Yao (1992) . (For the former, the waiting time standard must be specified as the expected delay before service.) Bertsimas et al. (1994) 
Appendix B: Numerical Study
As mentioned in §8, our initial set of problem instances consider an industry with N = 3 firms, and demand function of the quasi-separable form, as follows: (3)
Thus, the total price sensitivity b = 7 for all three firms. As to the cost parameters, c 1 = c 2 = 10, and γ 1 = γ 2 = 5, while c 3 = 5 and γ 3 varies. We specify c 0 = In Table 1 , we compare for all 12 instances the equilibrium under(i) in-house service, (ii) outsourcing to a supplier using a dedicated facility for each of the firms, and (iii) outsourcing to a supplier who pools the service processes.
As to the firms' profit levels under outsourcing (in (ii) and (iii)), we continue to present the outsourcing option in the most favorable light, i.e., we continue to assume that the service chain is perfectly coordinated while all of its profits are earned by the retail firms. In the symmetric case, this uniquely characterizes each firm's profit level, but with asymmetric firms this is no longer the case. When dedicated facilities are used, it seems reasonable to assume that each firm in the service chain is awarded all revenues that are obtained from its customers and that it is charged the cost of the dedicated facility the supplier operates on its behalf. We therefore report this profit allocation along with the firms' price and demand volumes. The same performance measures are reported with respect to the in-house service option (i). In the case of service pooling, there is no "obvious" way to allocate aggregate profits; here we merely report the chain wide profits. (As we showed to be the case in symmetric models, under identical waiting times, the firms adopt identical prices and demand volumes when the service chain is perfectly coordinated, whether the service processes are pooled or not.)
The brand recognition firm 3 enjoys, allows it, under in-house service, to position itself in the market with a higher price than its competitors, irrespective of the value of γ 3 or the competitive intensity ρ. to the customer, forcing firms 1 and 2 to reduce their prices by an almost identical amount. In contrast, when ρ = 0.9, 90% of the same cost rate reductions is passed on to the customer.
In the symmetric model of §4, we proved that, under outsourcing, prices are higher and demand volumes lower than when the firms perform service in-house. This pattern is maintained by our asymmetric instances, with the exception of two instances with γ 3 = 20 and ρ = 0.3, where, under outsourcing, firm 3 faces a slight increase in its demand volume, along with a slight price increase. (Note, however, that this demand increase is the result of the supplier operating at a lower capacity cost rate γ 0 = 10 compared with γ 3 = 20).
Note that the firms do not always benefit from outsourcing when the supplier uses dedicated facilities, even though all of the service chain's profits are assigned to the retailers. While this is different than what we proved to be the case for symmetric models, see Theorem 4.1, it should be recognized that (a) the employed profit allocation, while highly plausible, is by no means unequivocal under non-identical cost and demand structures, and (b) the supplier is assumed to operate with different cost rates than those pertaining to any specific firm. In 5 of the 12 instances, even the aggregate profits of the retailers are higher under in-house service; this can be explained by factor (b). At the same time, when ρ = 0.9, individual firms' profits are always higher under outsourcing, and the same applies, a fortiori, to aggregate profits. Here, the benefits of outsourcing clearly stem from the ability to circumvent the cut throat competition, by creating a perfectly coordinated service chain. For the first eight instances, only small differences arise between the outsourcing option with dedicated facilities versus pooled service. This is due to the cost of the service based capacity being very small compared to the other cost components, in these instances. (The cost savings that arise from service pooling are confined to the cost of the service based capacity.) Table 2 exhibits whether the service chain that arises under outsourcing is immune to defections. Given the ambiguity about how profits should be allocated among non-identical firms, we define a chain to stable if some profit allocation exists which deters defections. Clearly, this is the case if and only if the aggregate profits in the chain are bigger than or equal to the sum of the profits each firm can obtain when defecting. Recall that in symmetric models, we have shown that in instances with up to 3 firms, stability always prevails, but that the chain fails to be stable when the number of firms is larger and the competitive intensity is below a threshold ρ * (N ), which is increasing in N . Table 2 shows that, with 3 asymmetric firms, the chain is stable in most instances, but fails to be in a few. However, consistent with our results for symmetric retailers, the chain is impeccably stable when ρ is large, and in two of the 3 instances where it is not, stability fails only under dedicated service and this only by a small amount. Furthermore, the lack of stability may well be due to the supplier operating with higher cost rates than some of the firms.
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Article submitted to ; manuscript no. (Please, provide the mansucript number!) Table 3 exhibits and discusses, for all eight combinations of ρ and γ 3 , the equilibria which arise under simultaneous competition, both when the firms provide in-house service and when they outsource to a supplier using dedicated facilities.
Commenting briefly on the results in Table 3 , under in-house service, firm 3 positions itself as the firm with the highest service level, when γ 3 = 5, i.e., when it operates with lower costs than its competitors. When γ 3 = 10 and all firms exhibit identical marginal costs, they offer virtually identical waiting time standards. Finally, firm 3's waiting time is higher when γ 3 ≥ 15, i.e. when firm 3 is at a cost disadvantage. As in the case of price competition, firm 3 exploits its larger brand recognition to charge a higher price than its competitors, albeit that the price differential is considerably smaller under high values of ρ. Under simultaneous competition, the prices charged by firms 1 and 2 are much less sensitive to the cost value γ 3 and the corresponding price of firm 3 than under price competition.
Comparing the equilibria under in-house service and outsourcing, we note that the coordinated service chain is consistently able to charge higher prices and offer higher waiting time expectations. As in the case of price competition, the benefits of outsourcing are considerably higher when ρ = 0.9. Under outsourcing, firm 3 adopts a considerably lower price and service level, when ρ = 0.9 compared to ρ = 0.3, while firms 1 and 2 adopt a higher price and lower service. Table 4 exhibits the equilibria when either firm 3 or one of its two competitors defects from the service chain under outsourcing (, with dedicated facilities). This allows us to verify whether the chain is immune to defections. As in the case of price competition, the chain is sometimes unstable.
We conclude this section with a set of instances with demand functions from an attraction model.
(B) Demand functions given by an attraction model
Here, there is a given potential number of customers M in thr market. Each firm's market share is determined by the so called attractiveness value z i , itself a general function of the firm's price p i and waiting time standard w i , i.e.
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For a given positive constant z 0 , the demand rates of the firms are thus given by the system of equations
Without loss of generality, we assume See Bell et al. (1980) and Leeflang et al. (2000) for an axiomatic foundation of the class of attraction models and various specifications of the attraction functions. The MultiNomial Logit specification arises with the choice
Under the attraction model (18), a firm maintains a positive market share irrespective of how extreme and uncompetitive its price and service level choices are.
In our numerical study, we assume again an industry with N = 3 firms operating with the same cost rates as before, M = 15000, z 1 (p, w) = z 2 (p, w) = 1800 − 20p + 15 log(10/w) and z 3 (p, w) = 220 − 20p + 15 log(10/w). As with the previous instances, firm 3's larger brand recognition manifests itself in the larger intercept of its attraction function.
In Table 5 we compare, for each of the four γ 3 values, the equilibrium under in-house service with that arising under outsourcing without service pooling. Table 6 describes the equilibrium when either firm 3 or one of its two (identical) competitors defects from the service chain. As with the previous instances, firm 3 is able to exploit its superior brand recognition to charge a significantly higher price than its competitors, while continuing to be the largest provider in the market. These observations hold, both when service is provided in-house and when it is outsourced and irrespective of firm 3's capacity cost rate γ 3 . Under in-house service, firm 3's price is rather sensitive to the value of γ 3 , with roughly 40 Article submitted to ; manuscript no. (Please, provide the mansucript number!) 40% of the cost savings due to a reduction of γ 3 , being passed on to the customer. In contrast, under outsourcing, the prices are quite insensitive to the capacity cost rate. In this case, outsourcing enables an increase of aggregate profits by more than 20%. The chain is immune to defections.
Appendix C: Benefits of outsourcing when the supplier enjoys cost rate advantage
In this Appendix, we characterize the benefits of outsourcing when the outside supplier is able to operate with lower cost rates than the retailers. Let c 0 and γ 0 denote the suppliers cost rates by ∆ ≡ c + γ − (c 0 + γ 0 ) > 0. To simplify the exposition, assume, that the outside supplier utilizes a dedicated facility for each of the retail firms he services. (All results can be extended to the general case where the suppliers operate with an inefficiency index 1 ≤ ν ≤ N .) Thus, let p CC denote the optimal price level for the centralized profit function
(As in the base model, it is easily verified that profits are optimized by using identical price levels at each firm.)
Let c W C denote the suppliers' charge per customer which induces the retailers to adopt the price level p CC , recall from section §7 that
Finally, let π * OC i (K) denote the equilibrium profit retailer i obtains under outsourcing when charged the coordinating per customer fee c W C along with a fixed franchise fee K (−∞ < K < ∞).
Theorem C.1(Profit comparison between in-house service and outsourcing with lower cost rates for the supplier.) (a)
In the absence of fixed transfer payments
(ii) There exists a minimal waiting time 
] denote the break even value for the fixed transfer payments to the suppler such that π * OC
41 (a)The first inequality follows from
The second inequality was shown in Theorem 3.1.
and this quadratic expression in λ(c + γ) is negative for λ below it's positive root.
(ii) Again, from the proof of Theorem 3.1 π * OC
there exists a value w C such that π * OC 0 (0) < 0 for all w < w C . Also, for w < w C , π * OB
(c)π * OC
> 0, following the proof of Theorem 1(a). By the proof of part (a),
. The rest of the proof is analogous to that of part (b).
(d)Immediate from part (a) and the fact that all centralized models have symmetric solutions.
Appendix D: Proofs
Proof of Proposition 4.1 Consider a setting where all N firms are part of a common chain which operates under the above described perfect coordination scheme. Assume now that one of the firms, without loss of generality firm N , decides to leave the chain and to service its customers in-house. After the "defection", the industry operates as a two player game: the chain comprised of firms 1, . . . , N − 1 is the first player, deciding on a vector (p 1 , . . . , p N−1 ) and firm N is the second player, selecting a single price p N = p i for its in-house service. For all i = 1, . . . , N − 1,
j =i p j . Thus, for any price level p i , the best response problem faced by the chain is equivalent to the centralized problem in a system with N − 1 firms and no outside competitors, and an intercept for the firms' demand function given by a 0 = a 0 + βp i + αw. As shown above, it is optimal in the centralized system to select identical prices for all N − 1 firms. Thus, with p o denoting the common price among all firms 1, . . . , N − 1, for their outsourced service, we obtain from (13) that
Substituting (21) into (22) we obtain p
. By (10)
In contrast, when firm N remains part of the chain, it obtains π * OB i
, as in (25). Since the second term in (21) is always larger than the second term in (22), firm N has no incentive to defect from the chain if b 
Equation (24) implies that ρ * (N + 1), the positive root of the quadratic equation Q(ρ, N + 1) = 0, is larger than ρ * (N )
.Finally, the positive root of the quadratic equation can be written as
, from
, the expression within squared brackets is non-positive and λ(c + γ, w) ≤ λ(ρ, N, ν) is the necessary and sufficient condition to prevent defections, see (iii). 
Proof of Proposition 4.2 (a)Note
, so that a chain with m * firms is in equilibrium: all firms inside (outside) the chain are better off continuing to outsource (provide in-house service).
, and by the strict single crossing point property, 
, where the inequality follows from the strict single Proof of Proposition 4.1
. But, the last inequality holds by (8).
which is independent of ρ, by (13). By (10),
. The expression for π * i follows by substituting the expression for p * in (10). It is decreasing in ρ, since the funcition
Proof of Theorem 4.1
is independent of ν since both the retail price p CB and the customer fee c W B are. However, the supplier's profits c
a decreasing affine function of ν, since c W B and λ W B are independent of ν.
(b)Using (20), (12), and (13),
Similarly, from (11), p
and In this case, the optimal aggregate profit of the service chain, under outsourcing, equals the sum of the retailers' profits under in-house service, assuming the price vector p CB is adopted. Thus, by (20),
+ N K, where λ CB and c W B are independent of ν.
Thus, when ν < N each retailer's periodic fee can be
Nw lower than when ν = N , and its profit correspondingly higher, without affecting the supplier's profit level. Thus,
Subtracting π * i we obtain the desired expression. 
, where
It is easily verified that the chain's aggregate profit function is a concave quadratic function, such that the optimal prices for the participating firms satisfy the first order conditions
This represents a linear system of (N − m i ) equations in as many unknown prices {p m i +1 , . . . , p N }. By writing the system in matrix form, one easily verifies that this system of equations has a unique solution which is symmetric, i.e.
there exists a price
It follows from (28) that
The firms i = 1, . . . , m i performing in-house service, have, under a given (common) price p o for the outsourcing firms, a profit function
For a given price p o for the outsourcing firms, the remaining m i firms engage in a m i -person game in which the Nash equilibrium satisfies the first order conditions:
Once again, this system of linear equation has a unique solution, which is symmetric. In other words, for any price p o selected by the outsourcing firms, the remaining firms choose a common price p i , i.e. p j = p i , j = 1, . . . , m i , where
Also, by (34), λ i = b(p i − c − γ) for all i = 1, . . . , m i , and
An overall Nash equilibrium in the m i + 1 person game, consisting of the service chain and m i firms with in house service, uses a price pair {p i , p o } which satisfies (33) and (30). This system of two equations has the following solution λ i − γµ * , with µ * given by (2). Note first that under an optimal vector of waiting times, the maximum in (2) is achieved for S = {1, . . . , N }. Allon and Federgruen (2004) show that a largest set S * exists which achieves the maximum.
Assuming to the contrary that S * = {1, . . . , N }: the waiting times {w CB i
: i ∈ S * } could be reduced without increasing the required capacity while increasing the first term in the profit function under pooling; this contradicts the optimality of w CB .
∂(
N l=1 λ l )
and max w Π CB (w) = max
where the second equality follows from the strong duality theorem of convex programming, as (3) we obtain expressions for λ * and λ CB , and one for e W . After some algebra we conclude: 
is the unique Nash equilibrium. We show that (38) is indeed satisfied by a symmetric vector, i.e. p 1 = · · · = p N = p and w 1 = · · · = w N = w. Using (37) this implies:
(Substituting this identity into the expression for
in (37), we obtain after some algebra and C = , as shown in §4. Similarly, w CB is the optimal waiting time standard in the centralized problem when the price level is fixed at p CB , so that w CB =
